We present a simplified dynamic-vacuum-energy model for a time-symmetric Milne-like universe.
I. INTRODUCTION
We have recently discussed two ways to "tame" the big bang singularity of the Friedmann solution [1] [2] [3] . The first way [4] [5] [6] [7] [8] is to consider a particular degenerate metric, which describes a spacetime defect with a characteristic length scale b (the characteristic time scale is then b/c, where c is the velocity of light in vacuum). The cosmic scale factor a(t) remains finite at t = t bb ≡ 0 and the singular big bang is turned into a nonsingular bounce.
The second way [9, 10] keeps a smooth spacetime (with the spatially-hyperbolic RobertsonWalker metric) but allows only vacuum energy to be present. There is still the big bang at t = t bb ≡ 0 with vanishing cosmic scale factor, a(0) = 0, but there is now only a coordinate singularity with finite values of the curvature scalars. The behavior at t = 0 resembles that of the so-called Milne universe [11] (cf. Sec. 5.3 of Ref. [12] and Sec. 1.3.5 of Ref. [13] ), which corresponds to Minkowski spacetime in expanding/contracting coordinates. More precisely, the spacetime of Refs. [9, 10] is called a "Milne-like universe," as it corresponds, at t = 0, to a slice of de Sitter spacetime rather than Minkowski spacetime.
The physics model of Ref. [10] relies on the q-theory approach to the cosmological constant problem [14] [15] [16] [17] and shows that the positive vacuum energy at t = 0 reduces to zero as the model universe evolves, |t| → ∞. But the explicit q-theory for the Milne-like model of Ref. [10] is rather complicated.
The goal of the present article is, first, to simplify the q-theory Milne-like model and, second, to study perturbations near t = 0. This last topic is relevant to issues such as stability and cross-big-bang information transfer. Precisely these issues have already been discussed in Ref. [8] for the case of the degenerate-metric nonsingular bounce, but the case of the Milne-like model is more subtle.
II. SIMPLIFIED MODEL FOR A MILNE-LIKE UNIVERSE A. Action and field equations
The q-theory model of a Milne-like universe in Ref. [10] uses a postulated dissipative term in the dynamic equation for the q-field. A relatively simple alternative is to use an action with explicit derivative terms of the q-field [18] [19] [20] [21] [22] . Specifically, we take the following action [14, 19] :
1a)
ǫ(q) = σ(q) + Λ , dσ(q) dq = 0 , (2.1b)
where A is a three-form gauge field with corresponding four-form field strength F ∝ q, so that the q-field has mass dimension 2. In (2.1b), Λ is an initial cosmological constant and σ(q) a generic even function of q. The conventions for the curvature tensors follow those of
Ref. [2] .
Let us now give a brief review of the resulting field equations. First, there is the following nonlinear Klein-Gordon equation [19] :
in terms of the vacuum energy density ρ V (q) defined by
where the constant µ 0 traces back to the solution of the generalized Maxwell equation (the constant µ 0 can be interpreted as a chemical potential [14, 15] ). Second, there is the Einstein equation [19] ,
The energy-momentum-tensor (2.4b) describes the gravitational effects of the quantum vacuum, which is here characterized by the q-field.
For the simplified theory (2.1), we have that the energy momentum tensor (2.4b) of the composite pseudoscalar field q(x) has the same structure as the one of a fundamental (pseudo-)scalar field φ(x). This implies that previous results for a gravitating fundamental scalar field φ(x) carry over, as long as µ 0 has the appropriate dependence on Λ (see, e.g., the discussion of the penultimate paragraph in Sec. 2 of Ref. [22] ).
B. Ansätze
The metric Ansatz is given by the spatially-hyperbolic (k = −1) Robertson-Walker metric [3] in terms of comoving spatial coordinates {χ, ϑ, ϕ},
where the infinite range of the cosmic time coordinate t is to be noted.
We will use the Ricci curvature scalar R(x) ≡ g νσ (x) g µρ (x) R µνρσ (x) and the Kretschmann curvature scalar K(x) ≡ R µνρσ (x) R µνρσ (x) as diagnostic tools for the behavior near the big bang with a(0) = 0. From the metric (2.5), these curvature scalars are
where the overdot stands for differentiation with respect to t.
The homogenous q-field Ansatz is given by
Following-up on the remark below (2.4b), we observe that the homogeneous q-field has an energy momentum tensor equal to the one of a perfect fluid with the following energy density and pressure:
8a)
for the q function from (2.7). Observe that the Lorentz-invariant behavior P q-vac = −ρ q-vac only holds for a constant q-field [14] .
C. ODEs
We now introduce dimensionless variables ( = c = 8πG N = 1). Writing τ for the dimensionless version of the cosmic time coordinate t, we have that f (τ ) is the dimensionless variable corresponding to q(t), r V (τ ) the dimensionless variable corresponding to ρ V (t), and p V (τ ) the dimensionless variable corresponding to P V (t). In addition, u 0 is the dimensionless constant (chemical potential) corresponding to µ 0 and λ the dimensionless cosmological constant corresponding to Λ.
The ordinary differential equations (ODEs) for a(τ ) and f (τ ) are the dimensionless second-and first-order Friedmann equations and the dimensionless nonlinear Klein-Gordon equation:
where the overdot now stands for differentiation with respect to τ . Observe the invariance of these ODEs under the following time-reversal transformation:
with the characteristic odd behavior of the scale factor a(τ ) for the Milne-like universe. The boundary conditions at τ = 0 are taken as follows:
The model ODEs (2.9) with boundary conditions (2.11) constitute the main result of Sec. II.
For the numerical calculations later on, we use the following explicit energy-density function [17] :
From the equilibrium condition 13) we get, with the particular function (2.12), the following equilibrium value f 0 (real and positive) and corresponding chemical potential u 0 :
14a)
With the explicit result (2.14b) for u 0 , we then obtain the dimensionless energy density (2.9d), which enters the ODEs (2.9a), (2.9b), and (2.9c). It can be verified that the following equilibrium properties hold:
in addition to having a positive second derivative corresponding to a positive inverse vacuum compressibility [14] .
For completeness, we also give the dimensionless versions of the quantum-vacuum energy density and pressure from (2.8), and introduce the corresponding equation-of-state parameter w :
with f = f (τ ).
D. Analytic results
For an appropriate fixed value of f (τ ), the two Friedmann ODEs (2.9a) and (2.9b) with boundary conditions (2.11) are solved by the following functions:
with r V (f bb ) > 0. However, the functions (2.17) do not solve the nonlinear Klein-Gordon equation (2.9c), as its left-hand side vanishes trivially but not its right-hand side.
The combined solution of the ODEs (2.9) with boundary conditions (2.11) can be obtained by a perturbative series expansion,
the ODEs then give the following results for the coefficients: 
21b)
For the interpretation of (2.18a) and (2.18b) as perturbative series, it is appropriate to consider r V as the "small" perturbation, in line with the structure of the obtained coefficients With the perturbative solution (2.18b) and (2.21), we obtain the following series expansions of the dimensionless quantum-vacuum energy density r q-vac from (2.16a) and pressure p q-vac from (2.16b):
where the cosmological-constant behavior (r q-vac = −p q-vac ) disappears as τ moves away from
With the perturbative solution (2.18a) and (2.20), we obtain the following series expansions of the dimensionless Ricci curvature scalar R from (2.6a) and the dimensionless Kretschmann curvature scalar K from (2.6b):
which illustrate the regular behavior at τ = 0 of the Milne-like universe.
Our focus in this article is on the behavior near the big bang at τ = 0, but we can also give the asymptotic solution for |τ | → ∞. With the near-equilibrium behavior The dimensionless q-field energy density and pressure at τ = 0 take the following values: r q-vac (0) ≈ 0.537358 and p q-vac (0) = −r q-vac (0). The dimensionless q-field has the Minkowski equilibrium value f 0 ≈ 1.51749 from (2.14a).
the ODEs (2.9) are solved by the following asymptotic solution:
which corresponds to the Milne universe [11] [12] [13] with a nongravitating quantum vacuum in equilibrium.
For later use, we give an approximate solution which interpolates between (2.18) at lowest order and (2.24):
where the optimal value of τ mid needs to be determined but we will just set τ mid = 1.
E. Numerical results Figure 1 shows numerical results for the case of λ = 1 and f bb = 1. As regards the cosmic scale factor a(τ ), these results are similar to those of Ref. [10] , which employed a source term to transfer energy from the vacuum sector to the matter sector. Here, we only have the quantum vacuum, but temporal fluctuations of the q-field now carry energy which can be red-shifted. From the results of Fig. 1 , we see that the onset of the temporal oscillations occurs at |τ | ∼ 2 and that the energy density drops asymptotically as
Later, we will also consider spatial fluctuations of the q-field, whose energy can, in principle, be transported away to infinity.
III. SCALAR METRIC PERTURBATIONS

A. Background fields
The unperturbed spatially-hyperbolic Robertson-Walker (RW) metric can be rewritten as follows [3, 23] :
where we have used the conformal time coordinate η given by
Remark that all coordinates η , x , y and z are dimensionless in the metric (3.1), but that Ω(η) and the corresponding scale factor a(t) have the dimensions of a length. For more discussion about this spatially-hyperbolic metric, see, e.g., the text below Eqs. (27.25b) and (27.26) in Ref. [3] .
For the dynamic q-field, the homogeneous Ansatz is simply
where q(η) is assumed to be nonzero and positive [the behavior of q(t) is shown in the topmid panel of Fig. 1 ]. Henceforth, a bar over a quantity denotes its unperturbed (background)
value. Logically, Ω(η) or a(t) would also require a bar, but we refrain from doing so, for the sake of legibility.
The energy-momentum tensor from the background q-field is
where the prime stands for differentiation with respect to η and the Latin indices i and j run over {1, 2, 3}.
B. Perturbed fields
In the conformal-Newtonian gauge, the perturbed spatially-hyperbolic RW metric is given by [23] ds 2 (conformal-Newtonian-gauge) 5) where the metric perturbations Φ and Ψ are functions of all spacetime coordinates {η, x, y, z}.
For scalar metric perturbations, the corresponding q-field can be decomposed into two parts, 6) where x are the spatial coordinates and δq is a small perturbation satisfying |δq| ≪ q, for nonzero and positive q(η). By abuse of notation, we will also write
if, later, we use the original cosmic time coordinate t from (2.5) and (3.2).
C. Perturbation equations of motion
For the perturbed metric (3.5) and the perturbed q-field (3.6), the first-order perturbation to the energy-momentum tensor (2.4b) is given by
With (3.8), the perturbed Einstein tensor from the metric (3.5) gives the following equations of motion for the perturbed fields (cf. Ref. [23] ):
with the definition
and using
as follows from the perturbed off-diagonal spatial Einstein equation.
Remark that ∇ 2 in (3.9a) is the Laplace-Beltrami operator on the three-dimensional constant-curvature hyperbolic space (H 3 ). With our spatial {x , y, z} coordinates, this operator reads explicitly
Remark also that, in three-dimensional hyperbolic space, we have the following eigenvalue equation for ∇ 2 :
where Q k are the eigenfunctions (with further labels suppressed) and −(k 2 + 1) the eigenvalues [24] [25] [26] . In our later discussion, we will take the non-negative real number k as the physical wavenumber of the Φ field.
From (3.9a) and (3.9b), we have the following partial differential equation (PDE):
Notice that, with the conformal time coordinate η, the background nonlinear Klein-Gordon equation (2.2) is given by
so that we have
where we have used (3.9c) to express δq in terms of Φ and Φ ′ ,
With (3.16), the PDE (3.14) can be written as
which is the final equation of motion for the metric perturbation Φ(η, x).
Returning to the original cosmic time coordinate t from (2.5a), we rewrite (3.18) as follows for Φ(t, x): 19) where the overdot stands for the partial derivative with respect to t. Writing the solution of (3.19) as Φ(t, x) and using (3.17), the q-field perturbation solution δq(t, x) is given by 20) in terms of the reduced Planck energy
Equations (3.19) and (3.20) constitute the main general result of Sec. III.
D. Perturbation solutions
From now on, we use the dimensionless variables introduced in the first paragraph of Sec. II C and consider only a spherical-wave scalar metric perturbation Φ and a sphericalwave perturbation δf of the dimensionless q-field,
where {χ, θ, φ} are the dimensionless coordinates from (2.5) and Q klm (χ, θ, φ) the eigenmodes of the hyperbolic Laplace operator [26] . For the labels of the eigenmodes, we prefer to use the wavenumber k with range
as we already have used the symbol q for the physical q-field of our model. Moreover, we take, for definiteness, the following q-field equilibrium value:
From (3.19) and (3.20) , the corresponding equations arë
with −(1 + k 2 ) the eigenvalue of the hyperbolic Laplace operator [24] [25] [26] , the dimensionless Hubble parameter h ≡ȧ/a, and the overdot now standing for the partial derivative with respect to τ .
The linear ODE (3.25a) is singular, because the background cosmic scale factor a(τ ) vanishes at τ = 0, according to the boundary condition (2.11a). In the present article, we present some exploratory results for this singular ODE.
Absence of a regular solution at τ = 0
Consider the following truncated series for the background functions:
where analytic results for the coefficients c 2n+1 and d 2n have been presented in Sec. II D.
Also consider a truncated series for the scalar-perturbation amplitude,
Inserting (3.26) and (3.27) into the ODE (3.25a), we obtain that all coefficients p klm, 2n
vanish if N and N ′ are taken larger and larger,
The result (3.28) suggests that the scalar-perturbation amplitude Φ klm (τ ) has an essential singularity at τ = 0. From (3.25b), the same is expected to hold for the q-field perturbation amplitude δf klm (τ ).
Essential singularity at τ = 0
For certain simplified background functions, we are able to obtain the exact solutions Φ klm (τ ) and δf klm (τ ). These exact solutions display an essential singularity at τ = 0, consistent with the results of Sec. III D 1.
Consider the following simplified background functions: into the ODE (3.25a), we obtain the following analytic solution where C klm and α are real constants. With (3.25b), there is the corresponding scalar perturbation,
(3.30b)
The analytic solutions (3.30a) and (3.30b) are the most important concrete results of Sec. III.
Both functions (3.30a) and (3.30b) display the characteristic behavior of an essential singularity: rapidly increasing oscillations as τ 2 approaches the value 0. The scalar perturbation (3.30b) has, moreover, an increasing amplitude as τ 2 approaches 0 (see Fig. 2 ).
Numerical results
For a preliminary numerical calculation, we use the following simplified background functions which have the correct global behavior:
We then get the numerical Φ klm (τ ) solution from (3.25a) with boundary conditions at τ = 1.
For the sake of comparison, these boundary conditions at τ = 1 are taken to match the previous analytic function (3.30a) with C klm = 2 and α = 0. Inserting that numerical Φ klm (τ ) solution in (3.25b) gives the dimensionless q-field perturbation δf klm (τ ). These preliminary numerical results are shown in Fig. 3 . The qualitative behavior for τ 1 of Fig. 3 is similar to that of Fig. 2 . New in Fig. 3 is that the Φ klm oscillations essentially disappear for larger τ values, most likely, because the f (τ ) function from (3.31b) approaches its asymptotic equilibrium value f 0 , instead of growing indefinitely as in (3.29b).
For the final numerical calculation, we use the numerical background functions a(τ ) and f (τ ) from Fig. 1 to get the perturbations Φ klm (τ ) and δf klm (τ ) from (3.25). These numerical results are shown in Fig. 4 .
The qualitative behavior for τ 10 of Fig. 4 is similar to that of Fig. 3 . New in Fig. 4 are the small δf klm (τ ) oscillations starting at τ ∼ 2, which are, most likely, due to the oscillations of the background field f (τ ) as it approaches the equilibrium value f 0 (see Fig. 1 ).
IV. DISCUSSION
In this article, we have, first, presented a simplified model for a time-symmetric Milnelike universe. In this simplified dynamic-vacuum-energy model, like in the previous model of Ref. [10] , the big bang singularity is just a coordinate singularity [9] with finite curvature and energy density. We have, then, calculated the dynamics of scalar metric perturbations.
The perturbation results of Fig. 4 can be described as follows: starting with small perturbations Φ klm and δf klm at τ = −100 and evolving them towards τ = 0 − , it is found that the δf klm oscillations get a larger and larger amplitude, so that perturbation theory breaks down (see App. A for related results on the perturbed Ricci curvature scalar). In short, the initial perturbations from τ = −100 evolve and upset the unperturbed big bang solution τ = 0 − . Incidentally, with such a major disruption of the original big bang behavior, the discussion of possible cross-big-bang information transfer becomes moot.
At this moment, it may be worthwhile to compare our perturbation results of the Milnelike universe with those of the nonsingular bounce [8] . Specifically, the results for the scalar metric perturbations and the corresponding perturbations of the nonrelativistic-matter energy density were found to be given by The heuristic explanation for the different behavior discussed in the previous paragraph may be twofold. First, the nonsingular bounce has a nonvanishing cosmic scale factor a(t) at the bounce, whereas the Milne-like universe has a vanishing cosmic scale factor a(t) at the big bang, which requires delicate cancellations in order to give a mere coordinate singularity and these cancellations may be destroyed by perturbations of the metric. Second, the nonsingular bounce has a "hard-wired" parameter b to regularize the potential big bang singularity, whereas the Milne-like universe has a positive vacuum energy density, which traces back to a dynamic vacuum energy density ρ V (q).
This last problematic point of the Milne-like model would disappear if the variable quantity ρ V (q) were replaced by a positive cosmological constant Λ, but then the question resurfaces as how to remove the nonvanishing vacuum energy density as the universe evolves.
More attractive would be to keep the dynamic vacuum energy density ρ V (q) and to find a mechanism that freezes q(x) at t = 0, which then forces having a vanishing perturbation δq(x) = 0 at t = 0 [this would effectively set C klm = 0 in (3.30)]. Such a freezing of the q-field has been discussed in a different context (cf. Sec. IV of Ref. [16] ) and may indeed be the preferred way to rescue the big bang coordinate singularity of the Milne-like universe.
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Appendix A: Perturbed Ricci scalar
The Ricci curvature scalar from the perturbed spatially-hyperbolic Robertson-Walker metric (3.5) is given by:
where the prime stands for differentiation with respect to η and where (3.11) has been used.
Changing to the original cosmic time coordinate t from (3.2) and setting Ω(η) = a(t), we have 
which displays the same type of behavior as found for δf klm (τ ) in Sec. III D. In fact, the perturbation (A3) ruins the regular behavior at τ = 0 of the background Ricci scalar (2.23a).
